There is a question asking whether a handle-irreducible summand of every stable-ribbon surface-link is a unique ribbon surface-link. This question is positively answered for the case of a stably trivial surface-link. That is, a handle-irreducible summand of every stably trivial surface-link with r components is only a trivial (i.e., unknotted-unlinked) rS 2 -link. By combining this result with an old result of F. Hosowaka and the author that every surfaceknot with infinite cyclic fundamental group is a stably trivial surface-knot, it is concluded that every surface-knot with infinite cyclic fundamental group is a trivial (i.e., an unknotted) surface-knot.
Introduction
A surface-link is a closed oriented (possibly disconnected) surface F embedded in the 4-space R 4 by a smooth (or a piecewise-linear locally flat) embedding. When F is connected, it is also called a surface-knot. When the surface F is fixed, it is also called an F -link.
Two surface-links F and F ′ are equivalent by an equivalence f if F is sent to F ′ orientation-preservingly by an orientation-preserving diffeomorphism (or piecewiselinear homeomorphism) f : R 4 → R 4 . A trivial surface-link is a surface-link F which is the boundary of the union of mutually disjoint handlebodies smoothly embedded in R 4 , where a handlebody is a 3-manifold which is a 3-ball, solid torus or a disk sum of some number of solid tori. A trivial surface-knot is also called an unknotted surface-knot. A trivial disconnected surface-link is also called an unknotted-unlinked surface-link. For any given closed oriented (possibly disconnected) surface F , a trivial F -link exists uniquely up to equivalences (see [6] ).
A ribbon surface-link is a surface-link F which is obtained from a trivial nS 2 -link O (where nS 2 denotes the disjoint union of n copies of the 2-sphere S 2 ) by the surgery along an embedded 1-handle system (see [15] ).
A stabilization of a surface-link F is a connected sumF = F # s k=1 T k of F and a system T of trivial torus-knots T k (k = 1, 2, . . . , s). By granting s = 0, we understand that a surface-link F itself is a stabilization of F . The trivial torus-knot system T is called the stabilizer on the stabilizationF of F with stabilizer components T k (k = 1, 2, ..., s).
A stable-ribbon surface-link is a surface-link F such that a stabilizationF of F is a ribbon surface-link. For every surface-link F , there is a surface-link F * with minimal total genus such that F is equivalent to a stabilization of F * . The surfacelink F * is called a handle-irreducible summand of F . Two surface-links F ′ and F ′′ with stabilizationsF ′ andF ′′ , equivalent by an equivalence f have the same genus system if the number of the stabilizer components on every component ofF ′ is equal to the number of the stabilizer components on the corresponding component ofF ′′ by the equivalence f .
The following question is a central question.
Question 1.0.
A handle-irreducible summand of every stable-ribbon surface-link is a ribbon surface-link which is unique up to equivalences ?
A stably trivial surface-link is a surface-link F such that a stabilizationF of F is a trivial surface-link. In this paper, the following theorem is a main result, although some results related to Question 1.0 are also explained. Theorem 1.1. A handle-irreducible summand of every stably trivial surface-link with r components is a trivial rS 2 -link.
The following corollary is direct from Theorem 1.1:
Every stably trivial surface-link is a trivial surface-link.
If a surface-knot F has the infinite cyclic fundamental group, then it is known by [6] that a stabilizationF of the surface-knot F is a trivial surface-knot, namely the surface-knot F is a stably trivial surface-knot. Hence the following corollary is direct from Corollary 1.2 (answering the problem [16, Problem 1.55 (A)] on unknotting of a 2-knot positively):
The exterior of a surface-knot F is the 4-manifold E = cl(R 4 \ N(F )) for a tubular neighborhood N(F ) of F in R 4 . Then the boundary ∂E is a trivial circle bundle over F . A surface-knot F is of Dehn's type if there is a section F ′ of F in the bundle ∂E such that the inclusion F ′ → E is homotopic to a constant map. By [3, Corollary 4.2] , the fundamental group π 1 (R 4 \ F ) of a surface-knot F of Dehn's type is an infinite cyclic group. Thus, we have the following corollary (answering the problem [16, Problem 1.51)] on unknotting of a 2-knot of Dehn's type positively): Corollary 1.4. A surface-knot of Dehn's type is a trivial surface-knot.
Unknotting Conjecture asks whether a smooth S n -knot in S n+2 is unknotted (i.e., bounds a smooth (n+1)-ball in the (n+2)-sphere S n+2 ) if and only if the complement S n+2 \S n is homotopy equivalent to S 1 (see [8] for example). This conjecture was previously known to be true for n > 3 by [17] , for n = 3 by [19] and for n = 1 by [5, 18] . The conjecture for n = 2 was known only in the TOP category by [1] (see also [2] ). Corollary 1.3 answers this finally remained smooth unknotting conjecture affirmatively and hence Unknotting Conjecture can be changed into the following:
Unknotting Theorem. A smooth S n -knot in S n+2 is unknotted (i.e., bounds a smooth (n + 1)-ball in S n+2 ) if and only if the complement S n+2 \S n is homotopy equivalent to S 1 for every n ≥ 1.
Uniqueness of a handle-irreducible ribbon summand
In this section, the uniqueness of a handle-irreducible ribbon summand of a stableribbon surface-link is explained.
Theorem 2.1. Let F and G be ribbon surface-links with components F i (i = 1, 2, . . . , r) and G i (i = 1, 2, . . . , r), respectively. If handle-irreducible summands F * and G * of F and G are ribbon surface-links, then F * and G * are equivalent.
To prove Theorem 2.1, the following lemma is proved.
Lemma 2.2. Let F, F ′ be ribbon surface-links with ordered components for the number n of components of o. Given a chord graph (o, α), then we call the union O ∪ α a chorded sphere system. By using the Horibe-Yanagawa lemma in [14] , the chorded sphere system O ∪ α up to orientation-preserving diffeomorphisms of R 4 is independent of choices of d + and d − and uniquely determined by the chord graph (o, α). A ribbon surface-link F = F (o, α) is uniquely constructed from the chorded sphere system O ∪ α so that F is the surgery of O along a 2-handle system N(α) on O with core arc system α (see [10] ), where note by [6] that the surface-link F up to equivalences is unaffected by choices of the 2-handle N(α).
Proof of Lemma 2.2. For ribbon surface-links F = F (o, α) and 
′ are chorded sphere systems on isotopically deformed ribbon surface-linksF andF ′ ofF andF ′ , respectively, and
In [13, Proof of Theorem 2.4], it is shown how the trivial chord γ is sent to the trivial chord γ ′ by using a move exchanging trivial chords. Thus, the image f
′ are chorded sphere systems on isotopically deformed ribbon surface-linksF andF ′ of F and F ′ , respectively, we see that the surface-links F and F ′ are equivalent by a component-order-preserving equivalence. This completes the proof of Lemma 2.2.
Theorem 2.1 is shown as follows:
Proof of Theorem 2.1. A surface-link F with r ordered components is said to be kth-handle-reducible if F is equivalent to a stabilization F ′ # k n k T of a surface-link F ′ for a positive integer n k , where # k n k T denotes the stabilizer components n k T attaching to the kth component of F ′ . Otherwise, the surface-link F is kth-handleirreducible. Note that if a kth-handle-irreducible surface-link F is order-preservingly equivalent to a surface-link G, then G is also kth-handle-irreducible.
Assume that there is an equivalence f from F to G. Then we show that F * and G * are equivalent. Note that every component of F * and G * is a ribbon surface-knot. Changing the indexes if necessary, we assume that f sends F i to G i for every i. Let
Taking the inverse equivalence f −1 instead of f if necessary, we may assume that n
then by Lemma 2.2 there is an equivalence f
(1) from the first-handle-irreducible ribbon surface-link
to the first-handle-reducible ribbon surface-link
which has a contradiction. Thus, n ′ 1 = n 1 and the first-handle-irreducible ribbon surface-link F (1) is equivalent to the first-handle-irreducible ribbon surface-link
By continuing this process, we see that F * is equivalent to G * . Thus, the proof of Theorem 2.1 is completed.
Proof of Theorem 1.1
The following lemma is used for the proof of Theorem 1.1: Proof of Theorem 1.1 assuming Lemmas 2.2 and 3.1. Since a trivial surfacelink with r components is a ribbon surface-link and has a trivial rS 2 -link as a handleirreducible summand. By an inductive use of Lemmas 2.2 and 3.1, the proof of Theorem 1.1 is completed.
For the proof of Lemma 3.1, a characterization of a ribbon surface-link is given from a viewpoint of punctured handlebody system, where a punctured handlebody is a compact 3-manifold obtained from a handlebody by removing some number of open 3-balls.
A semi-unknotted punctured handlebody system in R 4 for a surface-link F with r components F i (i = 1, 2, . . . , r) is a punctured handlebody system V with r components V i (i = 1, 2, . . . , r) in R 4 with ∂V i ⊃ F i for all i such that the union O of the complements O i = ∂V i \ F i for all i is a trivial nS 2 -link for some n (possibly the empty link) in R 4 , which is disjoint from F . An analogous 3-manifold, called a monotone 3-manifold is given by Yanagawa [20] for a ribbon S 2 -knot and [15] for a general ribbon surface-link.
The following characterization of a ribbon surface-link is used in our argument.
Lemma 3.2.
A surface-link F is a ribbon surface-link if and only if there is a semiunknotted punctured handlebody system for a surface-link F in R 4 .
Proof. Let F be a ribbon surface-link. Assume that F is constructed from a chord graph (o, α) by [10] and hence from a chorded sphere system O ∪ α. A punctured handlebody system V in R 4 is constructed from the spherical shell system
Then the boundary ∂V consists of F and the trivial nS 2 -link O × 0. Since a connected component of F corresponds bijectively to a connected component of (o, α) (and hence of O ∪ α), the punctured handlebody system V is a semi-unknotted punctured handlebody system for a ribbon surface-link F .
Conversely, let F be a surface-link with components F i (i = 1, 2, . . . , r) and assume that a semi-unknotted punctured handlebody system V with components V i (i = 1, 2, . . . , r) in R 4 with ∂V i ⊃ F i for all i such that the union O of O i = ∂V i \ F i for all i is a trivial nS 2 -link for some c.
By removing an open 3-ball from V i if necessary, we assume that O i = ∅ for all i.
Then we can choose a proper arc system α i in V i attaching to O i ⊂ ∂V i so that the compact exterior cl(
To see this more concretely, let r i be the number of components of O i . First choose a proper arc system α Let V be a punctured handlebody system in R 4 . A meridian loop system of V is a system of mutually disjoint simple loops in the boundary ∂V bounding a system of mutually disjoint proper disks (called a meridian disk system in V which splits V into a system of punctured 3-balls with the same number of connected components as V (1) If D × I ∩ intd = ∅, then a semi-unknotted punctured handlebody system V * forF with the same meridian loop system as V is constructed so that D × I ∩ V * = (∂D) × I.
(2) If there is a 2-handle D ′ × I which is orthogonal to the 2-handle D × I and whose core disk D ′ bounds the meridian loop ∂d, then a semi-unknotted punctured handlebody system V ′ forF with a meridian disk d ′ is constructed so that the 2-handle D × I is orthogonal to the boundary loop d ′ and D × I ∩ intd ′ = ∅. By connecting this result with (1), a semi-unknotted punctured handlebody system V * * forF with the same meridian loop system as V ′ is constructed so D × I ∩ V * * = (∂D) × I.
A loop basis of a closed connected oriented surface F of genus g is a system of oriented simple loop pairs (m j , ℓ j ) (j = 1, 2, . . . , g) on F representing a basis for
′ and m j ∩ ℓ j is one point with the intersection number Int F (m j , ℓ j ) = +1 for all j.
The following result is given in [3, Lemma 2.1]. 2, 3 , . . . , r), we obtain from Lemma 3.5 an orientation-preserving diffeomorphism f : 
The following lemma is direct from the definition of a lifting loop, but useful in our argument: 
. . , n) are regular neighborhoods of u k (k = 1, 2, . . . , n) in V , which are noted to be disjoint fromF sinceF ∩ O = ∅. Let V E be the compact 3-manifold obtained from V by removing u k × intD 2 (k = 1, 2, . . . , n). k = 2, 3, . . . , n) are enumerated from an outermost loop or arc. For every k, (i = 1, 2, . . . , n), let p k be a point in u k , and δ k be a simple arc in D such that δ k joins the point p k and a point q k in ∂D \ Q and intδ k does not meet u j (j = k + 1, k + 2, . . . , n).
Let A k (k = 1, 2, . . . , n) be mutually disjoint circle bundles over the arcs δ k (k = 1, 2, . . . , n) in R 4 such that A i joins the circle bundle p i × ∂D 2 with a circle bundle q i × S 1 for every i. To make the circle bundles A k (k = 1, 2, . . . , n) mutually disjoint, we deform inductively the fiber circle over the simple arc δ k in neighborhoods of the intersection points δ k ∩ u j (j = 1, 2, . . . , k − 1) into a fiber circle smaller than the fiber circle of the circle bundle u j × ∂D 2 (j = 1, 2, . . . , k − 1) whose fiber disk still contains the fiber line of the line bundle D × I in the interior. By this deformation, the circle bundles A k (k = 1, 2, . . . , n) are mutually disjoint.
Note 1, 2 , . . . , n) and on V E are illustrated in Fig. 3 . Fig. 4 through parallel disks of a diskd in a thickened disk d × I which is obtained from the meridian disk d by pushing into the interior of V .
Since the traces of the moves from the b-lines a k (k = 1, 2, . . . , n) to the trivial b-linesã k (k = 1, 2, . . . , n) are mutually disjoint, we see from Lemma 3.6 (2) that the lifting loops of the trace of the moves construct mutually disjoint disks C k extending the tubes A k (k = 1, 2, . . . , n). It is checked that the disk C k admits a trivial line 
Proof of Claim 3.7. Since here we need not to take care of the 3-manifold V E , we can observe from Lemma 2.8 that the disks on the trivial b-linesã k (k = 1, 2, . . . , n) used to construct C k (k = 1, 2, . . . , n m ) and C k (k = 1, 2, . . . , n) are replaced by the product disks D(ã k ) (k = 1, 2, . . . , n). The product disks D(ã k ) (k = 1, 2, . . . , n) are deformed into the product disks D(a k ) (k = 1, 2, . . . , n) by an ambient isotopy of R 4 keeping H fixed. These disks are deformed along the circle bundles A k (k = 1, 2, . . . , n) into d k (k = 1, 2, . . . , n) keeping H fixed. These deformations are made together with framings, completing the proof of Claim 3.7.
By Claim 3.7, the r + S 2 -linkÕ + is equivalent to the trivial r + S 2 -link O + and hencẽ O + is a trivial r + S 2 -link, as desired. By taking V * =Ṽ E+ , we have a desired semiunknotted handlebody system V * for the surface-linkF with the same meridian loop system as V such that D × I is orthogonal to a meridian loop of V * and D × I ∩ V * = (∂D) × I. This completes the proof of (1).
Proof of (2) . Let d be a meridian disk of V with ∂d ⊂F meeting transversely the boundary loop ∂D of the core disk D at just a point p. Notice that there is an embedded 2-sphere S in R 4 such that S meets V with only a loop in intV parallel to ∂D although intD meets S. By piping D with these parallels of S, we can obtain from D an immersed diskD admitting a trivial normal bundle without changing a neighborhood of the boundary ∂D so thatD ∩F = ∂D = ∂D and (intd) ∩D = ∅.
We use a fact (used in [6] ) that an immersed disk with a free arc in R 4 is deformed into a smoothly embedded disk by a deformation moving only the free arc. By regarding a collar d × I of d in V with (intd × I) ∩D = ∅ as an arc, we can deformD into an embedded smooth diskD withD ∩ V = ∂D = ∂D. By using the same fact twice and using a disk in a neighborhood of the arc cl(∂D \ d ×I) in a boundary collar of V , we see that there is an orientation-preserving diffeomorphism f of R There are two proofs that a ribbon surface-knot with infinite cyclic group is trivial. One proof uses the result that F is a TOP-trivial surface-knot, shown by Freedman [1] for an S 2 -knot and by [3, 9] for a higher genus surface-knot and then uses the result that a faithful TOP-equivalence implies a faithful equivalence obtained by the classification result of chord diagrams on a faithful equivalence between ribbon surface-knots in [10, 11] . Another proof uses the result by [6] that a surface-knot F with infinite cyclic fundamental group is a stably trivial surface-knot and then uses the special cases of Lemmas 2.2 and 3.1 that (i) Two ribbon surface-knots F and F ′ of the same genus are equivalent if the connected sums F #T and F ′ #T for a trivial torus-knot T are equivalent.
(ii) A surface-knot F is a ribbon surface-knot with infinite cyclic fundamental group if a stabilizationF = F #T of F for a single stabilizer component T is a trivial surface-knot.
The result (i) is a part of Lemma 2.2, which is a consequence of the classification result of chord diagrams on an equivalence (more general than a faithful equivalence) between ribbon surface-knots in [10, 11, 13] . The result (ii) is a part of Lemma 3.1. These two methods are independent in the sense that the second method does not use the result that F is a TOP-trivial surface-knot. By combining (ii) with the result that a ribbon surface-knot with infinite cyclic group is trivial, Corollary 1.3 is obtained.
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